
Math Recap

Log-approximation to growth rates

I Recall that gX = ln Xt+1 ≠ ln Xt .

I Suppose X = YZ . Taking logs

ln X = ln YZ = ln Y + ln Z

=∆ gX = ln Xt+1 ≠ ln Xt = ln Yt+1 + ln Zt+1 ≠ ln Yt ≠ ln Zt = gY + gZ .

I Suppose X = Y /Z . Taking logs

ln X = ln Y

Z
= ln Y ≠ ln Z

=∆ gX = ln Xt+1 ≠ ln Xt = ln Yt+1 ≠ ln Zt+1 ≠ ln Yt + ln Zt = gY ≠ gZ .

I Note that (1 + gX )(1 + gY ) ¥ 1 + gX + gY .
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Lecture Recap

I Production Function: Y = F (K , AN).

I Output per e�ective worker: y © Y /AN = F (K ,AN)
AN

= F

!
K

AN
, 1

"
= f (k).

I Assume that A and N grow at constant rates gA and gN respectively.
I Then, to keep K/AN constant, K must grow at the same rate as AN.
I Capital Accumulation Equation: Kt+1 ≠ Kt = sYt ≠ ”Kt .
I Capital per e�ective worker accumulation equation:

Kt+1
AtNt

≠ Kt

AtNt

= s
Yt

AN
≠ ”

Kt

AtNt

=∆ Kt+1
At+1Nt+1

· At+1Nt+1
AtNt

≠ kt = syt ≠ ”kt

=∆ (1 + gA + gN)kt+1 ≠ (1 + gA + gN)kt = sf (kt) ≠ (” + gA + gN)kt

=∆ (1 + gA + gN)(kt+1 ≠ kt) = sf (kt) ≠ (” + gA + gN)kt

I Steady state condition: sf (kú) = (” + gA + gN)kú.



Lecture Recap

I Production Function: Y = F (K , AN).

I Output per e�ective worker: y © Y /AN = F (K ,AN)
AN

= F

!
K

AN
, 1

"
= f (k).

I Assume that A and N grow at constant rates gA and gN respectively.
I Then, to keep K/AN constant, K must grow at the same rate as AN.
I Capital Accumulation Equation: Kt+1 ≠ Kt = sYt ≠ ”Kt .
I Capital per e�ective worker accumulation equation:

Kt+1
AtNt

≠ Kt

AtNt

= s
Yt

AN
≠ ”

Kt

AtNt

=∆ Kt+1
At+1Nt+1

· At+1Nt+1
AtNt

≠ kt = syt ≠ ”kt

=∆ (1 + gA + gN)kt+1 ≠ (1 + gA + gN)kt = sf (kt) ≠ (” + gA + gN)kt

=∆ (1 + gA + gN)(kt+1 ≠ kt) = sf (kt) ≠ (” + gA + gN)kt

I Steady state condition: sf (kú) = (” + gA + gN)kú.



Lecture Recap

I Production Function: Y = F (K , AN).

I Output per e�ective worker: y © Y /AN = F (K ,AN)
AN

= F

!
K

AN
, 1

"
= f (k).

I Assume that A and N grow at constant rates gA and gN respectively.

I Then, to keep K/AN constant, K must grow at the same rate as AN.
I Capital Accumulation Equation: Kt+1 ≠ Kt = sYt ≠ ”Kt .
I Capital per e�ective worker accumulation equation:

Kt+1
AtNt

≠ Kt

AtNt

= s
Yt

AN
≠ ”

Kt

AtNt

=∆ Kt+1
At+1Nt+1

· At+1Nt+1
AtNt

≠ kt = syt ≠ ”kt

=∆ (1 + gA + gN)kt+1 ≠ (1 + gA + gN)kt = sf (kt) ≠ (” + gA + gN)kt

=∆ (1 + gA + gN)(kt+1 ≠ kt) = sf (kt) ≠ (” + gA + gN)kt

I Steady state condition: sf (kú) = (” + gA + gN)kú.



Lecture Recap

I Production Function: Y = F (K , AN).

I Output per e�ective worker: y © Y /AN = F (K ,AN)
AN

= F

!
K

AN
, 1

"
= f (k).

I Assume that A and N grow at constant rates gA and gN respectively.
I Then, to keep K/AN constant, K must grow at the same rate as AN.

I Capital Accumulation Equation: Kt+1 ≠ Kt = sYt ≠ ”Kt .
I Capital per e�ective worker accumulation equation:

Kt+1
AtNt

≠ Kt

AtNt

= s
Yt

AN
≠ ”

Kt

AtNt

=∆ Kt+1
At+1Nt+1

· At+1Nt+1
AtNt

≠ kt = syt ≠ ”kt

=∆ (1 + gA + gN)kt+1 ≠ (1 + gA + gN)kt = sf (kt) ≠ (” + gA + gN)kt

=∆ (1 + gA + gN)(kt+1 ≠ kt) = sf (kt) ≠ (” + gA + gN)kt

I Steady state condition: sf (kú) = (” + gA + gN)kú.



Lecture Recap

I Production Function: Y = F (K , AN).

I Output per e�ective worker: y © Y /AN = F (K ,AN)
AN

= F

!
K

AN
, 1

"
= f (k).

I Assume that A and N grow at constant rates gA and gN respectively.
I Then, to keep K/AN constant, K must grow at the same rate as AN.
I Capital Accumulation Equation: Kt+1 ≠ Kt = sYt ≠ ”Kt .

I Capital per e�ective worker accumulation equation:

Kt+1
AtNt

≠ Kt

AtNt

= s
Yt

AN
≠ ”

Kt

AtNt

=∆ Kt+1
At+1Nt+1

· At+1Nt+1
AtNt

≠ kt = syt ≠ ”kt

=∆ (1 + gA + gN)kt+1 ≠ (1 + gA + gN)kt = sf (kt) ≠ (” + gA + gN)kt

=∆ (1 + gA + gN)(kt+1 ≠ kt) = sf (kt) ≠ (” + gA + gN)kt

I Steady state condition: sf (kú) = (” + gA + gN)kú.



Lecture Recap

I Production Function: Y = F (K , AN).

I Output per e�ective worker: y © Y /AN = F (K ,AN)
AN

= F

!
K

AN
, 1

"
= f (k).

I Assume that A and N grow at constant rates gA and gN respectively.
I Then, to keep K/AN constant, K must grow at the same rate as AN.
I Capital Accumulation Equation: Kt+1 ≠ Kt = sYt ≠ ”Kt .
I Capital per e�ective worker accumulation equation:

Kt+1
AtNt

≠ Kt

AtNt

= s
Yt

AN
≠ ”

Kt

AtNt

=∆ Kt+1
At+1Nt+1

· At+1Nt+1
AtNt

≠ kt = syt ≠ ”kt

=∆ (1 + gA + gN)kt+1 ≠ (1 + gA + gN)kt = sf (kt) ≠ (” + gA + gN)kt

=∆ (1 + gA + gN)(kt+1 ≠ kt) = sf (kt) ≠ (” + gA + gN)kt

I Steady state condition: sf (kú) = (” + gA + gN)kú.



Lecture Recap

I Production Function: Y = F (K , AN).

I Output per e�ective worker: y © Y /AN = F (K ,AN)
AN

= F

!
K

AN
, 1

"
= f (k).

I Assume that A and N grow at constant rates gA and gN respectively.
I Then, to keep K/AN constant, K must grow at the same rate as AN.
I Capital Accumulation Equation: Kt+1 ≠ Kt = sYt ≠ ”Kt .
I Capital per e�ective worker accumulation equation:

Kt+1
AtNt

≠ Kt

AtNt

= s
Yt

AN
≠ ”

Kt

AtNt

=∆ Kt+1
At+1Nt+1

· At+1Nt+1
AtNt

≠ kt = syt ≠ ”kt

=∆ (1 + gA + gN)kt+1 ≠ (1 + gA + gN)kt = sf (kt) ≠ (” + gA + gN)kt

=∆ (1 + gA + gN)(kt+1 ≠ kt) = sf (kt) ≠ (” + gA + gN)kt

I Steady state condition: sf (kú) = (” + gA + gN)kú.



Lecture Recap

I Production Function: Y = F (K , AN).

I Output per e�ective worker: y © Y /AN = F (K ,AN)
AN

= F

!
K

AN
, 1

"
= f (k).

I Assume that A and N grow at constant rates gA and gN respectively.
I Then, to keep K/AN constant, K must grow at the same rate as AN.
I Capital Accumulation Equation: Kt+1 ≠ Kt = sYt ≠ ”Kt .
I Capital per e�ective worker accumulation equation:

Kt+1
AtNt

≠ Kt

AtNt

= s
Yt

AN
≠ ”

Kt

AtNt

=∆ Kt+1
At+1Nt+1

· At+1Nt+1
AtNt

≠ kt = syt ≠ ”kt

=∆ (1 + gA + gN)kt+1 ≠ (1 + gA + gN)kt = sf (kt) ≠ (” + gA + gN)kt

=∆ (1 + gA + gN)(kt+1 ≠ kt) = sf (kt) ≠ (” + gA + gN)kt

I Steady state condition: sf (kú) = (” + gA + gN)kú.



Lecture Recap

I Production Function: Y = F (K , AN).

I Output per e�ective worker: y © Y /AN = F (K ,AN)
AN

= F

!
K

AN
, 1

"
= f (k).

I Assume that A and N grow at constant rates gA and gN respectively.
I Then, to keep K/AN constant, K must grow at the same rate as AN.
I Capital Accumulation Equation: Kt+1 ≠ Kt = sYt ≠ ”Kt .
I Capital per e�ective worker accumulation equation:

Kt+1
AtNt

≠ Kt

AtNt

= s
Yt

AN
≠ ”

Kt

AtNt

=∆ Kt+1
At+1Nt+1

· At+1Nt+1
AtNt

≠ kt = syt ≠ ”kt

=∆ (1 + gA + gN)kt+1 ≠ (1 + gA + gN)kt = sf (kt) ≠ (” + gA + gN)kt

=∆ (1 + gA + gN)(kt+1 ≠ kt) = sf (kt) ≠ (” + gA + gN)kt

I Steady state condition: sf (kú) = (” + gA + gN)kú.



Lecture Recap

I Production Function: Y = F (K , AN).

I Output per e�ective worker: y © Y /AN = F (K ,AN)
AN

= F

!
K

AN
, 1

"
= f (k).

I Assume that A and N grow at constant rates gA and gN respectively.
I Then, to keep K/AN constant, K must grow at the same rate as AN.
I Capital Accumulation Equation: Kt+1 ≠ Kt = sYt ≠ ”Kt .
I Capital per e�ective worker accumulation equation:

Kt+1
AtNt

≠ Kt

AtNt

= s
Yt

AN
≠ ”

Kt

AtNt

=∆ Kt+1
At+1Nt+1

· At+1Nt+1
AtNt

≠ kt = syt ≠ ”kt

=∆ (1 + gA + gN)kt+1 ≠ (1 + gA + gN)kt = sf (kt) ≠ (” + gA + gN)kt

=∆ (1 + gA + gN)(kt+1 ≠ kt) = sf (kt) ≠ (” + gA + gN)kt

I Steady state condition: sf (kú) = (” + gA + gN)kú.



Lecture Recap

I Production Function: Y = F (K , AN).

I Output per e�ective worker: y © Y /AN = F (K ,AN)
AN

= F

!
K

AN
, 1

"
= f (k).

I Assume that A and N grow at constant rates gA and gN respectively.
I Then, to keep K/AN constant, K must grow at the same rate as AN.
I Capital Accumulation Equation: Kt+1 ≠ Kt = sYt ≠ ”Kt .
I Capital per e�ective worker accumulation equation:

Kt+1
AtNt

≠ Kt

AtNt

= s
Yt

AN
≠ ”

Kt

AtNt

=∆ Kt+1
At+1Nt+1

· At+1Nt+1
AtNt

≠ kt = syt ≠ ”kt

=∆ (1 + gA + gN)kt+1 ≠ (1 + gA + gN)kt = sf (kt) ≠ (” + gA + gN)kt

=∆ (1 + gA + gN)(kt+1 ≠ kt) = sf (kt) ≠ (” + gA + gN)kt

I Steady state condition: sf (kú) = (” + gA + gN)kú.


